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ABSTRACT 


Suppose  T  is  a  heteroclinic  orbit  of  a  C  functional  differential 

equation  x(t)  =  f  (xfc)  with  a-limit  set  a(T)  and  u'-limit  set  u(T) 

being  either  hyperbolic  equilibrium  points  or  periodic  orbits.  Necessary 

and  sufficient  conditions  are  given  for  the  existence  of  an  f  close  to 
k  • 

f  in  C  with  the  prop  erty  that  x(t)  =  f(xfc)  has  a  heteroclinic 

orbit  T  close  to  T.  The  orbits  F  are  obtained  from  the  zeros  of 

-  d*  d+1 

a  finite  number  of  bifurcation  functions  G(B,f)  €  K  ,  8  €  ]R 

Transversality  of  T  is  characterized  by  the  nondegeneracy  of  the 

derivative  DflG.  It  is  also  shown  that  the  f  which  have  heteroclinic 
p 

orbits  near  F  are  on  a  C  submanifold  of  finite  codimension  =  max{0, 

-ind  F}  or  on  the  closure  of  it  where  ind  T  is  the  index  of  F. 


Reproduced  from 
best  available  copy. 


§  1 .  Introduction . 

Let  C[-r,0]  be  the  Banach  space  of  continuous  functions  from 
[  —  r , 0 )  into  Rn  with  the  supremum  norm.  Suppose  x  is  any  continuous 
function  from  R  into  Rn,  x  (?)  =  x(t+\)  ,  -r  6  <_  0  is  an  element 
in  C[-r,0].  Let  D  be  a  bounded  open  ball  in  C[-r,0],  and  let  x 
=  (f|f  £  c\  f:  D  -*•  Rn)  be  the  Banach  space  with  the  usual  C^-norm 
(|*||  .  For  a  given  f  £  x^ ,  suppose  the  autonomous  retarded  functional 
differential  equal  _on 

(1.1)  x  ( t)  =  f(xt) 

has  a  heteroclinic  orbit  T  c  C(-r,0]  with  ex-limit  set  a(F)  and 
ui-limit  set  u;  ( T )  being  hyperbolic  periodic  orbits  or  equilibrium 
points,  F  U  ui(D  U  a(D  c  D. 

k  — 

Suppose  X  is  a  Banach  space,  the  parameter  space,  g  £  C  (D*X, 

Ttn)  ,  with  g(*,U)  €  X*.  j  |  g  ( *  ,  u )  |  1  ^  =  0(|u|)  as  U  -*■  0  and  consider 
the  perturbation  of  (1.1)  given  by 


(1.2) 


x  ( t )  =  f(xt)  +  g(xt,y) 


The  purpose  of  this  paper  is  to  determine  conditions  for  the 


s  _ 

occurrence^ of  a  heteroclinic  orbit  i  of  (1.2)vin  a  neighborhood 

1  '  •  ,  "  '  f  v  r  v  '  * 

of  r  for  y  in  a  neighborhood  of  zero.  -We"  also  want  to  specify 


these  conditions  in  terms  of  computable  quantities  which  can  be  used 


to  determine  either  the  transversality  or  the  order  of  nontransversality 

/  ■  - 


of  the  heteroclinic  orbit. 


’■ 


In  order  to  be  specific  about  the  results,  let  us  assume  first 


-2- 


that  a(T)  =  y  ,  w(F)  =  y 2  where  y^,  Y2  are  periodic  orbits  of  periods 

u  s 

Wf,  u.'^ ,  respectively.  Let  W  (y^)  ,  W  (y  ^ )  be,  respectively,  the  unstable 

and  stable  sets  for  y  ^ ,  j  =  1,2.  We  refer  to  these  as  manifolds,  even 

though  it  may  not  always  be  true  that  they  are  manifolds  globally.  The 

local  unstable  and  stable  manifolds  (Y.),  wf  (y.)  near  y.  are 

loc  3  loc  3  3 

C^-manifolds. 

»  k 

Let  T  (t)  :  C[-r,0]  -*•  C[-r,0],  t  0 ,  be  the  C  -semigroup  generated 


by  (1.1);  that  is,  T(t)i  is  the  solution  through  <f  at  t  =  0.  In 


the  following,  we  let  F  =  Yj.  =  'Jt€]R  {pl  ,t} '  Y2  =  Ut€lR{p2,t} 

where  q,  p  ,  are  solutions  of  (1.1) . 

Definition  1.1.  r  c  WU(y.)  PI  W  (y^)  is  said  to  be  a  transverse  hetero¬ 
clinic  orbit  if  for  s,t  >0  large  enough  such  that  q_g  £ 

and  q^  £  W®oc(u(D)  then  T(t-s)  sends  a  disc  in  W^Qc(a(D)  containing 

s 

q  transverse  to  W,  ( o  ( D  )  at  q  . 

-s  loc  t 

The  important  concept  of  general  position  will  play  an  important 

role  in  the  study  of  nontransversality . 

Definition  1.2.  WU ( y^)  0  WS(y2)  is  said  to  be  in  general  position  if 

F  is  either  transverse  or,  if,  for  any  s,t  >  0  large  enough  such 

that  q  £  (y,)  and  a  £  wf  (v„) ,  then  T(t-s)  sends  a  disc 

-S  loc  1  T.  loc  2 

u  .  • 

m  W  (Y  )  containing  q  dif f eomorphically  onto  its  image  ard  q 

loc  1  "S  |  t 

a  y  g 

is  the  only  tangent  vector  in  [T  (t-s)  W^^  (y^ )  J  ^  Wloc^2^  at  ^t’ 


Definition  1.3.  The  index  of  T  c  w^y^)  D  WS(y^)  is  ind  r  = 

u  u 

=  dim  W  ( y^)  -  dim  W  {y^)  . 


Similar  results  hold  when  a(F),  w(F)  contain  equilibria  if  we 

define  the  index  of  F  as  ind  T  =  dim  (a(T))  -  dim  w'f  (o:(r)) 

loc  loc 

+  8  where  8  =  -1  if  u)(F)  is  a  point  and  8=0  if  n(F)  is  a 
periodic  orbit. 

The  proof  of  the  above  result  uses  the  method  of  Liapunov-Schmidt 

d*  d+1 

to  determine  a  set  of  bifurcation  functions  G(6,p)  €  ]R  ,  6  £  1R  , 
such  that  there  is  an  heteroclinic  orbit  FU  if  and  only  if  there  is 
a  8(u)  such  that  G(8(u),p)  =  0.  Furthermore,  the  transversality  of 
F“  is  equivalent  to  saying  that  D.G  is  onto.  The  degree  of  nontrans 

b 

versality  of  F11  is  measured  by  the  rank  of  D.G. 

The  manner  in  which  the  method  of  Liapunov-Schmidt  is  employed 
follows  in  the  spirit  of  the  investigations  of  Chow,  Hale  and  Mallet- 
Paret  [1],  Palmer  [11]  and  Lin  [7]  for  the  determination  of  heteroclinic 
orbits  for  periodically  perturbed  autonomous  systems.  The  case  where 
the  orbits  y are  periodic  and  the  perturbation  is  autonomous  intro¬ 
duces  additional  technical  difficulties.  First,  the  linear  variational 
equation 


(1.3) 


x(t)  =  f4(qt)xt 


around  r  has  the  bounded  solution  q(t)  which  does  not  approach 
zero  as  either  t  -*•  ±<*.  This  implies  that  (1.3)  does  not  have  an 


expnential  dichotomy.  Second,  since  the  period  of  changes  with 

u  and  the  time  that  it  takes  to  go  from  a  transversal  of  to  a 


transversal  of  y^  is  also  changing  with  v  ,  these  quantities  must 


be  determined  in  some  way.  This  involves  several  careful  time  scalings 


If  ind  T  =  -1,  the  concept  of  general  position  has  been  referred 
to  as  quasitransversal  in  the  study  of  dif f eomorphisms  (see  Sotomayor 
[12] ,  Newhouse  and  Palis  [10]). 

For  u  small,  there  is  a  family  of  hyperbolic  periodic  orbits 

Yj  =  'Jt€*{pj,t}'  =  Vith  "loc^j1'  "loc^j5  being  cK  in 

V  ( see  [3] )  . 


One  of  the  main  results  of  the  paper  is  the  following. 

Theorem.  If  F  cz  wu(y^)  fi  VJS(y2)  >  1  =  max{0,-ind  F)  then,  for 

k  k 

small,  there  are  C  submanifolds  M(I)  c  y  of  codimension  I  such 


that  f  +  g ( • ,u)  €  m(I)  if  and  only  if  (1.2)  has  an  orbit  F  c  w  (y  ) 

g  y  t-i 

FI  w  (y  )  close  to  F  and  in  general  position.  Furthermore ,  f  €  Cr-M(I) 


that  is,  if  F  is  not  in  general  position,  then  there  is  a  perturbation 
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We  now  give  a  brief  outline  of  the  contents  of  each  section. 

Section  2  is  a  recollection  of  known  results  on  stable  and  unstable 
manifold  theory.  Section  3  is  devoted  to  the  development  of  the 
theory  of  expnential  trichotomies ,  generalizing  the  concept  of  ex¬ 
ponential  dichotomies  to  fit  our  needs.  Section  4  is  devoted  to  more 
details  about  exponential  trichotomies  including  the  roughness  theorem. 
Also,  it  is  shown  that  the  linear  variational  operator  around  T  defines 

a  Fredholm  operator  in  the  Banach  space  of  continuous  bounded  functions 

Yt  -Yt 

in  ]R  weighted  by  a  factor  e  for  t  <  0  and  e  for  t  >  0. 

In  Section  5,  we  derive  the  bifurcation  functions  G  and  deduce  various 
geometric  consequences  of  them.  In  Section  6,  we  construct  perturbatios 
g(*,u),  showing  the  manifold  structure  of  M(I)  ,  and  that  CJLM(I)  con¬ 
tains  all  the  vector  fields  having  near  T  as  a  heteroclinic  orbit. 

The  authors  acknowledge  useful  conservations  with  John  Mallet-Paret 
in  the  preparation  of  the  paper. 


§  2 .  Hyperbolic  equilibria,  periodic  orbits. 


Suppose  (1.1)  has  an  equilibrium  point  x^  €  lRn  and  let  €  C 
be  defined  by  xQ(0)  =  xQ,  -r  ±  6  0.  The  linear  variational  equation 

about  Xg  is 

(2.1)  x(t)  =  L(xQ)xt,  L(xq)  =  D{jf(xQ) 

The  solution  xQ  of  (1.1)  is  hyperbolic  if  all  eigenvalues  of  the 
characteristic  equation  of  (2.1)  have  nonzero  real  parts.  Let 

WS(xQ)  =  {y€  C:  T(t)$  ■+  xQ  as  t  “} 

WU  (xQ)  =  {f  £  C:  T(t)  $  is  defined  for  t  0 , 

T (t)  :  -*•  x  as  t  -*•  -*} 


Tr.c  following  theorem  may  be  found  in  [3,  p.  230). 

Theorem  2.1.  If  f  €  CK(C,]Rn)  ,  k  1 ,  and  xQ  is  a  hyperbolic  equili¬ 
brium  point  of  (1.1),  then  there  is  a  neighborhood  U  of_  x^  such  that 


W  (xn)  =  W  (x  )  n  U, 
loc  0  0 


w"  (x  )  =  wJ(x  )  n  u 

loc  0  0 


k 

are  C  -manifolds .  The  approach  of  solutions  to  xQ  as_  t  -*■  +°° 

( or  t  -*•  -00)  is  exponential. 

Suppose  p(t)  is  a  periodic  solution  of  (1.1)  of  minimal  period 
uj  and  let  Y  =  { pfc >  c  C  be  the  corresponding  periodic  orbit. 

Then  necessarily  p  £  Ck(B,  3R°)  and  p  /  0  for  all  t  £  IR.  The 


linear  variational  equation  about  the  periodic  solution  p  is 
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(2.2)  x ( t)  =  L  (t)x 

P  t 

(2.3)  L  (t)  =  D  f  (p  ) 

P  t  t 

and  p(t)  is  a  solution  of  (2.2) . 

Let  T(t,s)  :  C  -*•  C  be  the  solution  operator  for  (2.2) 
T(t,sK  is  the  solution  of  (2.2)  which  coincides  with  c 
The  characteristic  multipliers  of  (2.2)  are  the  eigenvlaues 
operator  T(u  ,  0)  .  The  fact  that  p^_  f  0  for  all  t  £  3P 
(2.2)  implies  that  1  is  a  multiplier  of  (2.2).  The  orbit 
said  to  be  hyperbolic  if 

(i)  1  is  a  simple  multiplier 

(ii)  [8(T(.',0))N{1)]  n  {2  £  (t:  1 2  !  =  1}  =  £ 

s 

The  stable  set  W  (y)  for  7  and  the  unstable  set  W 
are  defined  as 

W  (y)  =  {c  £  C:  T ( t)  £  -*■  y  as  t  -»■  <*} 

WU(y)  =  {£  £  C:  T(t)f  is  defined  for  t  <  0 

and  -+  y  as  t  -*■  -<»} 


For  any  a  >  0,  define 

WS(y,a)  =  {  *  £  W S(y)  :  T(t)  £  -  pfc+^  ->-0  as  t  -*■  “> 


WU(Y,a)  =  {£  £  WU(y)  :  T ( t)  <t  -  pfc+a  -+  0  as  t  -*  - 


;  that  is, 
at  t  =  s. 

of  the 
sat isf ies 
Y  is 

U(Y)  of  Y 


} 

cc] 


The  sets  W  (y/cO,  W  (y,ci)  are  points  respectively  on  the  stable 
and  unstable  sets  which  are  synchronized  in  time  with  Pt+r  • 

For  any  neighborhood  U  of  Y<  we  define 

{<■  €  WS(y,c.):  T{t)t*  6  U,  t  >  0} 

{ £  WU(y»a):  T  <  t )  £  U,  t  £0}. 

The  following  theorem  may  be  found  in  [3,  p.  242],  [4]. 
k  n 

Theorem  2.2.  If  f  £  C  (C,K  ),  k  >_  1  and  y  is  a  hyperbolic  periodic 

orbit  of  (1.1),  then  there  is  a  neighborhood  U  o£  y  such  that 

s  u  k 

W  (-»,a)  ,  W  (Y/tt)  are  C  -manifolds  and 
ioc  loc  -  - 


Wloc(Y'a) 


Wloc(Y'a) 


Wloc(Y)  -  r'J  Wloc(Y'a)'  Wloc(^  =  r<U  Wloc^'o) 
C<-<<u  C<a<u 


are  C  -manifolds .  The  approach  of  solutions  to  y  either  as  t  -+  +<*> 


(or  t  -*•  -ca)  is  exponential. 


I  3 .  Exponential  trichotomies. 


For  t  >_  s  in  some  interval  J,  let  T(t,s)  be  a  strongly  continuous 

nonautoncmous  semigroup  of  linear  bounded  operators  in  a  Banach  space  X, 

that  is,  T (t , s)  is  strongly  continuous  in  t,s,  T(s,s)  =  I,  the  identity, 

T(t,T)T(x,s)  =  T(t,s) ,  t  >  t  >  s.  It  is  said  that  T(t,s)  has  an  exponential 

trichotomy  on  J  if  there  exist  projections  P^Et)  »  P  (t)  and  Pc<t)  =  * 

-  P^Et)  -  ,  t  €  J,  strongly  continuous  in  t,  and 

T(t,s)P  (s)  =  P  ( t )  T  ( t ,  s ) , 
s  s 

T(t,s)Pu(s)  =  Pu(t)T(t,s) , 

T(  t ,  s)  P  (s)  =  P  ( t)  T  (t ,  s)  , 
c  c 


for  t  >_  s  in  J.  We  also  assume  that  T ( t ,  s)  :^pu ( s)  +<^Pu(t)  and 
T(t,s):^P  (s)  -+£PPc(t)  ,  t  s  in  J  are  isomophisms  and  T(s,t) 

=  (T(t,s))-1,  t  >_  s  is  defined  from  onto  ^P^is)  and  from 

_^p  (t)  onto  _^?Pc(s).  Furthermore,  there  exist  constants  a  <  v-e  <  v+e 
<  £  and  K  >  0  such  that 


|  T ( t , s) Ps(s)  | 
|T(t,s)Pu(t)  | 
|T(t,s)P  (s)  | 
|T(S,t)Pc(t)  | 


(v+e) (t-s) 

£  Ke  , 

(-v+e) (t-s) 

<  Ke  , 


t  >  s  €  J. 


We  shall  assume  that  ^Pu(t)  and  ^Pc(t)  are  finite  dimensional. 


The  adjoint  operator  T*(s,t)  of  T(t,s)  is  a  weak*  continuous 

semigroup  in  X*.  If  T(t,s)  has  an  exponential  trichotomy  on  J,  then 

T* (s ,t)  has  an  exponential  trichotomy  on  J  with  projections  Pu*(t), 

P  *(t)  and  P  *(t),  weak*  continuous  with  respect  to  t  6  J,  where  * 
sc 

dentoes  the  adjoint  of  a  continuous  operator.  Obviously,  dim  j^P  *(t) 

=  dim^P^tt)  and  dim  ^*Pc*(t)  =  dim  ^Pc(t).  It  is  also  true  that 
T*(s,t):  i?P  *(t)  ■+  *(s)  and  T*(s,t):  i?Pc*(t)  ■+ c*  (s)  are 

isomorphisms  and  the  inverses  T*(t,s)  =  (T*(s,t))  1  =  (T(s,t))*  are 
properly  defined.  See  [6]  . 

We  call  ^?Pu<t)  ,  i5?Ps(t)  and  jj?Pc(t)  the  unstable  space, 

stable  space  and  center  space,  since  in  most  applications,  6  >  0,  v  =  0 

and  o  <  0.  The  case  of  P  (t)  =  0,  t  €  J  is  also  called  a  shifted 

c 

exponential  dichotomy  if  the  splitting  is  not  made  at  v  =  0. 

If  (1.1)  has  a  hyperbolic  equilibrium  point,  then  the  solution 
map  T ( t , s)  =  D^T(t-s)x0  of  (2.1)  has  an  exponential  dichotomy  for 
all  t  s  in  H.  This  is  a  special  case  of  an  exponential  trichotomy 
with  the  dimension  of  the  center  space  equal  to  zero  and  a  <  0  <  B. 

For  a  proof,  see  [3,  p.  181]. 

If  (1.1)  has  a  hyperbolic  periodic  orbit  Y  =  U  {pt),  then  the 
solution  map  T(t,s)  =  D^T(t-s)pg  of  (2.2)  has  an  exponential  trichotomy 
for  all  t  >_  s  in  3R.  This  is  a  consequence  of  the  decomposition  theory 
of  linear  periodic  systems  in  [3,Ch.8].  In  terms  of  the  notation  in 
[3,  p.  203],  the  decomposition  according  to  the  multipliers  with  moduli 
greater  than  one  yields  projections  P^  and  Pg  +  Pc .  With  e  >  0 
sufficiently  small,  the  decomposition  according  to  the  multipliers  with 
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moduli  greater  than  1-e  yields  projections  +  Pc  and  p  .  The 

adjoint  system  of  (2.2)  is  then  used  to  obtain  the  projections  P  , 

P  ,  P  . 
c  s 

The  proof  of  the  following  lemmas,  1,  2  and  3  will  not  be  given 
here,  since  they  are  similar  to  the  case  of  exponential  dichotomies  of 
flows  generated  by  ordinary  differential  equations.  See  [2] .  The 
technical  treatment  of  the  additional  difficulty  caused  by  the  nonin- 
vertibility  of  T(t,s)  can  be  found  in  [7). 

Lemma  3.1.  Let  T(t,s) ,  t  >_  s  have  exponential  trichotomies  in  R 

+  *+■  *4*  4*  + 

and  R  ,  with  projections  P“(t) ,  P^ft),  p^(t),  t  £  R~.  Suppose 

that  the  exponents  in  R  and  R+  are  the  same,  and  the  unstable 

spaces  in  R  and  R+,  center  spaces  in  R  and  R+  have  the  same 

dimensions,  j^P  (0)  H  {j^P  +(0)  0  i5?P+(0)}  =  0 ,  and  {&P  (0)  0 

— -  u  c  s  -  u 

(0)  =  0 .  Then  T(t,s)  has  an  exponential  trichotomy 
in  R  =  R_  U  R+. 

Lemma  3.2.  Let  T(t,s)  be  defined  in  (-^jt^]  and  have  an  exponential 

trichotomy  in  (~°°,t],  tQ  >  t.  Suppose  that  T(tQ,  x)  ^  0  for 

t,  £  ^p  (i)  ,  $  £  p  (t)  and  if,  +  4>.  J-  0.  Then  T(t,s)  has  an 

exponential  trichotomy  in  (-“htg]  with  the  same  exponents,  and  the 
projections  P^ft),  Pg(t)  and  P^ft)  approach  P^(t),  Pg(t)  and 
P  (t)  exponentially  as  t  -*•  -00. 

Lemma  3.3.  Let  T(t,s)  be  defined  in  [t^  ,+co)  and  have  an  exponential 

trichotomy  in  [t,+°°),  t  >  tQ.  Suppose  that  T* (tQ,T)  /  0  for 

€  ^?P*(t) ,  \|i  ^  ^P* (t)  and  ^  T^en  T(t,s)  has  an  exponential 
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' 4 .  The  linear  variational  operator. 

In  this  section,  we  give  more  details  about  exponential  trichotonies 
for  the  linear  variational  operator  for  a  heteroclinic  orbit  T  of  (1.1). 

Let  21  be  the  Banach  space  of  all  the  linear  continuous  functions 
L:  C([-r,0]  ,Rn)  Rn  with  the  operator  norm.  Let  Ck(R,21)  be  the 

k  ft  k 

space  of  C  maps  from  R  to  SI  with  the  C  uniform  topology. 

Let  T(t,s)  be  the  solution  operator  for  the  linear  functional  differ¬ 
ential  equation 


(4.1) 


x  ( t )  =  L  ( t)  X . 


ro 


with  L  ( • )  £  C  (R,2l)  .  Let  L(t)t  = 


dp(t ,6)4(8)  for  4  €  C[-r,0). 

1  -r 

For  each  t,  n(t,6)  is  an  n  *  n  matrix  function  normalized  so  that 

n(t,6)  =  0  for  6  >_  0,  n { t , c )  =  n(t,-r)  for  8  5  -r,  continuous  from 

the  left  in  8  on  (-r,0)  for  each  t  and  has  bounded  variation  on 

8  €  [-r,0]  for  each  t.  Such  matrices  constitute  a  Banach  space  ^ 

n 

with  |  |  n  ( t ,  * )  1  |  =  max  [  }  Var  n .  .  (t,  • )  ]  .  Each  L(-)  £Ck(R,2l)  is 
!<i<n  j=l  11 k 

associated  with  a  unique  n(*,*)  £  C  {R,J^)  and  the  relation  is  an 
k  k 

isomorphism  from  C  (R,2l)  to  C  (R,i?  ). 

The  formal  adjoint  equation  for  (4.1)  is 
ft 


(4.2) 


y  (s)  + 


y (a) n (a iS-a) da  =  const.,  s  <  t-r. 


n*  n* 

Let  1  be  the  space  of  functions  frcm  [-r,0]  to  R  which 

have  bounded  ’’ariation  on  [-r,0]  and  are  continuous  from  the  left  with 

M  *  max  Ij=1  Var  •  The  solution  operator  of  (4.2)  defines  a  semigroup 

T(s,t),  s  <  t,  mapping  yt  £  BQ( [-r,0J  ,Rn*)  to  yg  £  BQ ( [-r,0] ,Rn*) .  see  [3]. 

From  (4.2) ,  it  is  clear  that  y(s)  is  absolutely  continuous  for  s  <  t-r. 
k 

If  n  €  C  (R ,_^q)  ,  k  ^  1 ,  we  have  that 


y(s)  +  l  y (a)  r,t (a,s-a)da  +  y(a)  n(a,s-a)d'a  =  0,  s  <  t-2r 
^  s  •'s 

*  k 

So  y(s)  is  absolutely  continuous  for  s  <  t-2r.  Therefore  y(s)  €  C 

for  s  <_  t  -  (k+l)r,  by  induction. 

Consider  equation  (4.1)  in  some  interval  J  c  R.  For  any  L(-) 

£  C(J  ,21)  ,  let  A(t,L)  =  n(t,-r+)  -  n(t,-r)  be  the  jump  of  n(t,tj  at 
-r.  The  function  !,(•)  is  said  to  satisfy  the  H-0  property  if  for  any 
compact  set  Kc  j,  there  exists  an  t,  0  <  c  <  r,  such  that 


dn(t,G)  $(6)  =  A(tH(-r),  t  £  K, 


and  the  set  {tjdetA(t)  =  0,  t  €  j}  contains  only  isolated  points. 


Lemma  4.1.  (Hale  and  Oliva  [5])  The  solution  operator  of  (4.1)  _is 
one-to-one  if  L  satisfies  the  H-0  property.  Furthermore,  the  class  of 


k 

L  satisfying  the  H-0  property  is  dense  in  c  (J,H)  if  J  is  compact  and  k  >  1 


Lemma  4.2.  Suppose  that  L  satisfies  the  H-0  property  in  J.  Then  the  so¬ 
lution  operator  T(s,t),  s  t ,  for  the  formal  adjoint  equation  (4.2)  is 
one-to-one  for  all  s  <  t  for  which  [s-r,t]  c  J. 

Proof ■  Suppose  that  y(a)  is  a  solution  of  (4.3  and  there  exists  a 
constant  t,  [t-r,t]  c  J,  such  that  y(a)  =  0  for  a  <_  t.  We  want  to 
show  that  there  exists  p  >  0  such  that  y(a)  =  0  for  a  <  t  +p . 

Let  e  >  0  be  the  constant  in  defining  the  H-O  property.  For 
s  <  t+e-r,  y(s)  satisfies  the  following  equation 

ft+r 

y(s)  +  y  (a)  n  (a,s-g)dc<  =  constant. 


Since  yCs)  =  0  for 


ft+c 

y(.a)n(a,s-a)da  =  constant, 
'  t 

(4.3) 

s  <  t+e-r 


Let  s  =  t+e-r  in  (4.3).  Since  t  <_  a  <_  t+c ,  r  <_  s—  a  <_  e- r,  we  know 
by  H-0,  n(a,s-a)  =  n(a,e-r)  for  t  5.  a  <  t+e ,  therefore 


constant 


t  +  £ 

y  (a) n (a , e-r) da . 
t 


If  t-r  <  s  <  t+e-r  in  (  4.3) ,  we  have 


rs+r 


rt+e 


y(a)  tn  (a  ,s-a)  -ri  (a  ,e-t )  ]a.,  + 


y(a)  [n  (a , s-a) -n (a , e-r; ) da  =  c 


s+r 


But,  for  t  <  a  <  s+r,  n(a,s-a)  =  ri(a,e-r),  and  so 

ft+C 

y (a) [n (a ,-r)  -  n (a , e-r) ] da  =  0'  t-r  <  s  <  t+e-r 

s+r 

Differentiating  with  respect  to  s,  we  have  y(s+r) «A(s+r)  =  0  for 
t  <  s+r  <  t+e.  There  exists  0  <  p  <  e  such  that  A (s+r)  is  non¬ 
singular  for  t  <  s+r  <  t+p .  Thus  y(s+r)  =  0  for  t  <  s+r  <  t+p. 
This  proves  the  lemma. 

If  we  suppose  that  T(t,s)  has  an  exponential  trichotomy  in  J, 
then  so  does  T*(s,t),  s  <  t.  If  J  =  (-«>,+«°)  or  [ 0 ,  +<*> )  ,  the 


relation  between  the  true  adjoint  operator  and  the  formal  adjoint 


operator  (see  [3,  p.  152ff ] )  implies  tnat  T(s,t)  also  has  an  exponential 
trichotomy  in  J,  with  the  same  exponents  a  <  v-e  <  v+c  <  8. 

Lemma  4.3.  Suppose  that  (4.1)  has  an  exponential  trichotomy  in 
J  =  (-K,0]  or_  10,+°°)  or  (-«,+<d)  with  projections  P^(t),  P^(t) 
and  pc<t) »  and  exponents  a  <  v-e  <  v+e  <  8.  Assume  that  6  = 

sup]|B(t)||,  where  B(‘)  £  C^(J,21).  Then  the  functional  differential 

t£j 

equation 


(4.4)  x (t)  =  L(t)Xt  +  B(t)x 

has  an  exponential  trichotomy  in  J,  with  projections  P^(t)  Pg(t)  ar'd 

P_(t),  and  exponents  a  <  v-e  <  v+e  <  8,  provided  that  | 6 |  <  Sn  for 
~~  ~  —  -■  u 

some  constant  >  0.  Furthermore,  P^ft)  •+  P^tt),  Ps(t)  ■+  pg(t) 

and  pc(t)  •*  Pc(t)  uniformly  in  t  and  a,v,6,e  •+  a,v,8fe  as  6  -*•  0. 

Under  the  same  hypotheses  on  (4.1)  and  J  =  (-“>,  0]  (or  10,")) 

and  |  J  B  Ct )  |  |  ■+  0  as_  t  -*■  -00  (or_  t  ■+  00 ),  there  is  a  t  >  0  such  that 

(4.4)  has  an  exponential  trichotomy  on  (-°°,t)  (or  I1'00))  and  P  (t) 

-  P  (t)  ■*  0,  P  (t)  -  P  (t)  -*  0,  P  (t)  -  P  (t)  -*■  0  as  t  -“  (or  t  -*•  •»)  . 
u  s  s  c  c  —  • — 

Proof .  We  observe  that,  if  (4.1)  has  an  exponential  dichotomy  in  J  =  (  —00  f  0] 

or  [0,+«)  with  projections  Py(t)  and  Pg(t),  exponents  a  <  8'  3X1(3  if 

<$  is  small,  then  (4.4)  has  an  exponential  dichotomy  in  J  with  projections 

Py(t)  and  Pg(t)  and  exponents  a  <  8-  Furthermore  P^tt)  ■+  Pu(t), 

P  (t)  -*  P  (t)  uniformly  in  t  £  J  and  a,  8  •+  a,  8  as  6-+0.  The 
s  s 

proof  of  these  facts  is  similar  to  the  roughness  of  exponential  dichoto¬ 


mies  in  the  ordinary  differential  equation  case,  and  can  be  found  in  [2]  , 
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although  necessary  changes  have  to  be  made  to  avoid  using  the  inverse 
of  the  solution  map  too  arbitrarily  -  it  is  only  defined  on  the  unstable 
spaces  and  center  spaces. 

Now  from  the  exponential  trichotomy  of  (4.1),  two  exponential 

dichotomies  can  be  defined.  One  is  defined  by  P^  =  P  +  P  ,  P^  =  P  , 

u  u  c  s  s 

2 

and  with  the  exponents  a  <  v-e .  Another  is  defined  by  P  =  P  , 

u  u 

2 

Pg  =  P^  +  Pg  with  exponents  v+e  <  6.  From  our  previous  observation, 

for  small  6,  (4.4)  has  two  exponential  dichotomies.  One  is  defined  by 

~  -2  - 2 

P  ,  P-1  with  exponents  a  <  v-c .  Another  is  defined  by  P  ,  P  with 
us  us 

exponents  v+e  <  6.  Also,  P1,  p1  are  close  to  p1,  p1  and  a,  6,  v,s 

us  us 

are  close  to  a , £ ,  ,  c  if  6  is  small.  There  are  three  cases  to  be 
considered. 

'1  '2 

1)  J  =  i  0  ,-*•-■ )  .  In  this  case,  and  are  uniquely  determined 

and  ^  The  diff  trence  of  their  codimension  is  equal  to  dim^r'^. 

'1  '  -2 

We  see  that  F  (t)  =  F  (t) ,  P  (t)  =  P  (t)  and  P  (t)  equals  the  operation 
s  s  u  u  c  ^  ^ 

'2  '2 
of  Pg(t)  followed  by  a  projection  from  j5?Ps(t)  onto  the  invariant 

-  1  _-2 

subsoaces  complementary  to  <&P  (t)  in  j&P  (t)  . 

s  s 

'1  '2 

2)  J  =  (-“,"').  In  this  case,  P  and  P  are  uniquely  determined 

u  u 

and  c  P^.  The  difference  of  their  dimension  is  equhl  to  dim^P  . 

u  u  c 

-2  -  -1 

We  see  that  P  (t)  =  P  (t) ,  P  (t)  =  P  (t)  and  P  (t)  equals  the  operation 
u  u  s  s  c 

of  P^  followed  by  a  projection  from  P^ (t)  onto  the  invaraint  subspace 

^2  -v  1 

complementary  to  j5?FMt)  in  . 

3)  J  =  ( — oo , oo )  .  We  use  1)  and  2)  and  Lemma  3,1.  Notice  that 

^P”(0)  n  g?P+(0))  =  9  and 

D^Pg(O)  ={* 


*Av . 


for  small  6,  since  these  two  equalities  are  rough  under  small  per¬ 


turbations.  To  show  this,  one  needs  that  dim^P  and  dimj^P 

u  c 

are  finite. 

The  proof  of  the  last  part  of  the  lemma  follows  as  in  the  ordinary 
differential  equations  case  (see,  for  example.  Palmer  [11]',.  An  immediate 
consequence  of  Lemma  4.3  is  the  following. 

Theorem  4,4.  Let  T  =  ‘>J  {q,  }  be  a  heteroclinic  orbit  with  a(D  and 

-  -  - - — -  - 

^(T)  hyperbolic  equilibria  or  periodic  orbits.  If  T(t,s),  t  >_  s ,  is 
the  solution  map  for  x(t)  =  f  *  ( )  >:  t ,  then  T(t,s)  has  exponential 
trichotomies  in  and  [t  ,+°°)  ,  t  >  0.  The  orbit  r  is  trans¬ 

verse  if  and  only  if 

T("  )6&V  (-1)  +  (^P  (t)  ©  ^P^  (t)  )  =  X 

u  c  s 

or,  equivalently, 

T(i  ,-t)  (^P  (~r)  ©  ^?P  (-r) )  +  ^Ps(t)  =  X. 

T  is  in  general  position  if  and  only  if  F  is  transverse  or 

©  ipp  (-t )}  n  iTd,-!)]'1^  (T)  =  { o } . 

u  c  S 

When  applying  Theorem  4.4  to  the  special  case  that  T  is  a  homoclinic 
orbit  and  a(D  =  oo(D  is  a  hyperbolic  periodic  orbit,  we  have  that 
F  is  transverse  if  and  only  if  T(t,s)  has  an  exponential  trichotomy 
in  P.  This  can  be  seen  from  Lemmas  3.1,  3.2  and  3.3. 
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Let  Y,  and  vo  be  two  real  constants.  Let  C°(Y.  Y_)  be  the 
12  y  i  c. 

Banach  space  of  all  the  continuous  functions  x(t)  defined  from  R 

y  t 

into  Rn  such  that  |x  (t)  |  <_  Ke'’  ,  t  <_  0  and  |x(tjj  <_  Ke  ,  t  ^  0 
for  some  constant  K  >  0.  The  norm  in  C^(y^,Y2)  is  defined  as 

-Y,t  y it 

[ | x M  =  sup  { | x (t) | e  ,  |x(-t)|e  *  }, 

c  ^V1,Y2)  t>0 

k  k 

Let  C  (y./Y2)  be  the  Ear.ach  space  of  all  the  C  functions  x(t) 

such  that  x^(t)  €  C°(Y1>Y2)/  i  =  0,1,..., k,  with  the  norm 

I  UN  k  =  I  I  l*U)  I  I  0 

C  (Y'1»Y2)  i-0  C  Cy^Y-j) 

k  k+2 

For  L  ( • )  €  C  (R,?l)  ,  k  >_  0,  the  linear  operator  F^:  C  x  Y2)  -*■ 

V  dx ( t ) 

C  (y1.Y2>  is  defined  as  Fl:  x  '-*■  h,  h(t)  =  - L(t)xt-  We 

k 

write  FL(‘r'1  Y2)  to  indicate  the  space  C  (Y^Yj)  under  consideration 

Lemma  4.5.  Suppose  that  L(-)  €  CkvR,Sl)  and  that  (4.1)  has  shifted 
dichotomies  in  R  and  R+  with  exponents  and  a2  <  B2> 

respectively.  Let  a  <  <  6^  and  32  <  Y2  <  ^2'  Then  Fp: 

1/U.1  ]r 

C  (Y.,Y  )  -*•  C  (Y.  ,Y„)  is  Fredholm  of  index  I  (FT )  with 
12  12  - ■ — - — - - — —  *->  - * 

I(Fl)  =  dimj^  u  (0)  -  dire^P*(0) 


/^(ft)  =  { (T(t,oK)  (0)  •.  t  €  ^p*(0)  n^p^(o),  t  e  Rj 


y(t)h(t)  =  o 


^?(FL)  =  {h:  h  €  c  {y1,y2) , 


for  all  the  solutions  of  the  formal  adjoint 
equation  y(t)  such  that 


|y(t) 


Ke 


’V 


t  >  0; 


-at 

|  y  ( t )  |  <  Ke  ,  t  £  0  . 


-Yt  -Yt 

Proof .  Let  u(t)  =  e  xfc  and  g(t)  =  e  h(t),  where  y  =  Y^  for 
t  jj  0  and  y  =  for  t  >_  0 ,  respectively.  The  function  u:  R  -*■  C[-r,0] 

does  not  satisfy  any  delay  equation,  but,  from  the  variation  of  constraints 
formula  (see  [3]  )  , 


(4.5) 


x 

t 


T  (t ,  s)  x  + 
s 


ft 

T (t , v) XQh (v) dv  , 
^  s 


s  <  t. 


we  have 


(4.6)  u(t)  =  T  (t,s)u(s)  +  T  (t,v)X0g(v)dv,  s  j  t, 

y  )  s  y 

— y ( t” S ) 

where  T  (t,s)  -  T(t,s)e  and  Y  =  Y^  or  y^  depending  on 

s£tf_0  or  0  j  s  j  t,  and  XQ(9)  =  0  for  e  <  0,  xQ(0)  =  I,  the 

identity.  The  operator  T^(t,s)  has  the  usual  exponential  dichotomies 

—  +  ^  ^  +  •+ 
on  R  and  R  with  projections  P~  (t)  =  P"(t)  and  P'.(t)  =  P"(t). 

U.Y  u  si  s 

Discussion  of  the  usual  exponential  dichotomy  case  can  be  found  in 

[  "  ]  ,  where  we  proved  that  the  bounded  solutions  for  (4.6)  ,  when  a  r  C 

are 


m 


{ u  ( t )  =  (  T  ( t ,  0 )  <f)  ( 0 )  |  f  €  (0)  n  ^?F+  (0)  }. 

V  1  n*v/  cv 


Also,  the  set  of  the  bounded  functions  g(t)  such  that  (4.6)  admits 
a  bounded  solution  u(t)  is 


Ig(t)  bounded: 


l  (t)  g  (t)  =  0, 


at)  =  <t*  (t , o)  £ ,x  > ,  s  e^p+*(o)  n^p"*(o)}. 

y  0  U7  SY 


-V (t-s) 

Returning  to  (4.5)  and  observing  that  T*(s,t)  =  T*(s,t)e  ,  one 

easily  obtains  the  desired  results  in  the  lemma. 

Lemma  4.6.  Assume  all  of  the  hypotheses  of  Lemma  4.5  except  that  the 
shifted  dichotomies  are  valid  only  in  and  [t  , +<*)  ,  t  >  0. 

Then  all  the  results  in  Lemma  4.5  are  valid  except  that 


(4.7)  1  (F  )  =  dim^P_(-t)  -  dim^P+(T), 

U  VI 

S(FT)  =  {  (T(t,0)  4)  (0)  :  t  €  B,  C  €^P~(-t) 

L  U 

and  T ( t , -t ) 1  €  £?F+(t) } 
s 

Proof .  We  first  assume  that  there  is  a  function  A  £  C  { R ,21)  ,  with 

compact  support  in  (-t-1,t+1)  and  x(t)  =  (L(t)  +  A(t))x  has  shifted 

exponential  dichotomies  in  R  and  R  .  The  existence  of  such  an  A 

shall  be  discussed  later.  It  is  clear  that  z(y)  ( t )  =  A(t)y^_  is  a  compact 

k+ 1  k 

operator  as  a  map  from  C  ( Y.  y  )  to  C  (Y.  Y-,)  .  From  Lemma  4,5, 

1,4  I t  4 


F 


is  Fredholm.  From  the  perturbation  theorem  of  Fredholm  operators, 


F_  is  Fredholm  and  indFT  =  indF,  This  proves  4.7, 

L  L+A 

The  characterization  of  )  is  obvious.  Let  y(t)  be  a 

L 

solution  of  the  formal  adjoint  equation  for  C4.1),  and  | y  (t)  |  <  Ke 


_  0  j- 
"2t 


t  >  0,  |  y  (t)  I  <_  Ke 


-Kl  t 
1 


t  <_  0,  Such  solutions  { y  ( • )  }  form  a  finite 

y (t)h  (t)  =  0  for 

X 

y(t)h(t)dt  =  0,  for  all  y  6  Y) . 


dimensional  linear  space  y.  If  h  6  J^F  ,  then 

all  y  6  Y.  Therefore,  j^F  c  {h: 

L 

One  can  show  that  din vA'F  -  dimY  =  dim^P  (-t)  -  dim^P+(T).  The 

L  U  U 

proof  is  omitted  since  it  is  similar  to  standard  arguments  relating 
an  operator  to  its  adjoint  (see  [6]).  Now,  from  the  definition 


IndF  =  dimyfF  -  codim^F  ,  we  have  dimY  =  codim  ^F  ,  proving  the 

Li  L  L  L 

characterization  for  j^F  . 

Xj 


It  remains  to  show  the  existence  of  A:  R  -*■  21.  First,  we  as 


sume 


that  k  >_  1.  By  Lemma  4.1  and  4.2,  we  can  find  €  c  (R  21'.  ,  suf¬ 
ficiently  small  and  with  compact  support  in  (-T— T+i)  ,  such  that 
x(t)  =  (L (t)  +  B2(t))xt  is  H-0  in  Thus,  T(t,s)  and  T(s,t) 

are  one-to-one  in  [ — t , t ] .  The  perturbed  system  has  exponential  di¬ 


chotomies  in  and  [1,+“=)  by  Lemma  4.3,  and  in  R  and  R 


by  Lemmas  3.2  and  3.3.  If  k  =  0,  we  can  use  mollifiers  to  find 
B^(t)  €  C°(R,21)  ,  with  compact  support  in  (-t-1,t+1)  so  that  L(t)  = 

L (t)  +  B1(t)  €  C1  (  [-T- j,t+j]  ,2ll  .  Then  A(t)  =  B^t)  +  B2(t)  is  the 
desired  perturbation  where  B2(t)  is  constructed  from  L(t)  as  above. 


§5.  Bifurcation  functions. 


In  this  section,  we  obtain  bifurcation  functions  whose  zeros  will 
be  in  one-to-one  correspondence  to  heteroclinic  orbits  rU  of  (1.2). 
These  functions  will  also  be  used  to  characterize  the  transversality 
or  degree  of  nontransversality  of  FP. 

The  linear  variational  equation  around  T  = 


x(t)  =  D 


■f’(qt)Xt  =  Lq(t)Xt  =  j 

1  -r 


dn (t , 9) x  (t+9) 


with  the  formal  adjoint  equation  being 


y(s)  +  y (a) n (a, s-a) da  =  constant,  s  <  t-r 


yt  =  o 


Since  q  -►  a(D  =  as  t  qfc  -*•  w(D  =  y2 


as  t  -*•  +® 


with  asymptotic  phase,  we  may  assume  that  y^  =  y2  =  ^63*^2  t 

where  p^(t) ,  p2(t)  are  periodic  solutions  of  (1.1)  and  t  +  0 

as  t  -*•  -oo,  qt  ’  Pj  t  4  0  as  t  -*■  ».  Thus, 

|  Id  f '  (q  )  -  D  f '  (p  )  |  |  -*■  0  as  t  -v  -oo 

t  <p 

(5.3) 

|  |  D  f '  (qfc)  -  D  f '  (p2  fc)  I  |  0  as  t  -v  oo 


We  have  already  remarked  in  Section  2  that  x(t)  «*  (t)x^  and  x(t) 

=  L  (t)x^  have  exponential  trichotomies  on  ]R.  This  fact,  together 
D_  t 
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with  (5.3)  and  Lemma  4.3  imply  that  there  is  a  t  >  0  such  that  (5.1) 
has  an  exponential  trichotomy  on  (-“,-t]  and  It,°>)  with  exponents 
<  0  <  B^  and  <  0  <  B2,  respectively.  Let  y  >0  be  a  small 
constant  such  that  0  <  y  <  mini j | , | a2 ] , B^ , B2 } . 

For  y  small,  let  y”  =  IpJ^} ,  =  Ufc6]R  Ip!^}  be  the 

hyperbolic  periodic  orbits  of  (1.2)  with  p°  =  p  ,  p°  =  p2-  As  remarked 
earlier,  we  wish  to  determine  those  solutions  (t)  of  (1.2)  whose 

orbits  rV  are  close  to  T  and  have  &(rU)  =  ,  (^(F^)  =  •  We  also 

want  to  do  this  by  considering  x  as  a  small  variation  from  the  function 

q  that  describes  F.  To  do  this,  extreme  care  must  be  exercised  in 

u 

order  to  have  x  as  a  small  perturbation  of  q  uniformly  in  t. 

Several  time  scalings  are  involved  and  that  is  the  reason  for  so  much 

of  the  following  cumbersome  notation. 

Let  6:  1R  -*■  3R+  be  a  C  -function  with  B(t)  =  0  for  t  ^  -1 , 

B(t)  =1  for  t  >_  1.  Let  ^2  (t)  be  a  C  -function  such  that  C^It)  “  0 

for  t  <  r+1,  (t)  =  1  for  t  >  r+2  and  let  (t)  =  C _ ( — t ) .  If  u.(y) 

—  ^  —  12  j 

is  the  period  of  p.  (t)  and  w.(y)/w.(,0)  =  1+B.(u),  j  =  1,2,  and 
j  i  ’4  3  3  3 

a  €  3R,  y  are  small,  define 


B  =  B(.t,y)  =  B(t)82(y)  +  (l-B(t) )  B:  (u) 


w(t)  =  u (a , y )  (t)  =  ^(t)  IPj_(  (l+BJtJ-p^t)] 


+  C2 (t) [p2 ( (1+B) t+a)  -  P2(t)) 
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Since 

(5.5)  |p^  (l+$i  (pi)  t)  -  pi  (t)  =  0(  jy  | )  as  y  +  0 

it  follows  that 

(5.6)  io(t)  «  w  (ct,y )  (t)  =  0(|a|  +  Jy|)  as  (a,y)  -+  (0,0). 

We  need  one  other  observation.  For  -r  ^  5  <  0,  consider  the 
equation  for  ? , 


(1+8 <t+£ ,y) )  ?  +  t (B (t+£ ,y )  -  B(t,y))  =  e 

By  the  Implicit  Function  Theorem,  there  is  a  solution  C  =  I(6,t,y) 

=  G  +  0(|y|)  as  y  +  0.  In  particular,  t  =  6(l+Bj(V))  1  for  t  ^  -1 , 

?  =  6(1+B2(y))  1  for  t  1 .  For  any  function  x:  1R  +  lRn,  we  define 
x  D  from  3R  to  C(  [-r,0]  ,!Rn)  by  the  relation  x  c(6)  =  x  (t+C  (6  ,t  ,y ) )  , 
-r  _f_  6  <_  0. 

with  the  above  notation,  let  us  make  the  transformation  x((l+B)t) 

=  q(t)  +  w(a,y) (t)  +  z(t).  The  equation  for  z  is 

(5.7)  F (z)  (t)  =N(z,y,cx,t) 


where 
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F (z)  (t)  =  z  (t)  -  L  (t)  zt 


Nlz,y,a,t)  =  M(z,y,a,t)  ^  F  (10) 


!(z,u,a,t)  =  a^+t||)if(qtt6+.tt6+2tf6)+g(qt/^tfe+*t,6A)i 


-  f(qt)  -  L  (t)ut  -  Lq<t)zt 


Any  solution  x^tt)  of  (1.2)  with  a-limit  set  Y^  and  co  limit 

set  y?  must  satisfy  (5.7),  (5.8).  If  0  <  Y  <  mini  | &1 1  ,  |  |  ,  8^ ,  82 }  , 

where  a  <0<8,ot  <0<6_  are  respectively  the  exponents  for  the 

1  12  2 

trichotomy  of  (5.1)  on  (-»,-!],  [x,»),  then  it  follows  that, probably  after 

a  time  shift  in  xV(t),  zy  (t)  =xU  ( (1+6)  t) -g(t) -to  (a,y)  (t)  must  approach  zero  as 

Yt  .  — Yt 

t -+-<*>  like  e  and  must  approach  zero  as  t+  “like  e  .  Therefore.it  is 
sufficient  to  consider  only  the  solutions  of  (5.7),  (5.8)  in  (y,"Y) • 

The  map  F:  C1(Y,-Y)  ^  C°(Y,-Y)  is  Fredholm  by  Lemma  4.6.  To 
estimate  N(z,y,a,*)  as  a  map  from  C1(Y/-Y)  to  C  (Y»~Y)»  we  need 
the  following  observation. 

For  |  t |  sufficiently  large,  one  can  use  the  definition  (5.4)  and 
show  that 


(5.9)  F(u>Jt}=  U+8)  [f  (Pt,B+wt,6)  +  9(Pt,g+wt,6'U)  "  f  tpt)  *  Lq(tl‘t 


where  6  =  62»  P  =  P2  if  t  is  large  and  positive  and  8  =  B1 ,  P  =  pj 
if  t  is  large  and  negative. 


Using  (5.8),  (5.9),  (5.6),  (5.5)  and  the  fact  that  z  „  -  z  = 

t ,  p  t 

0(|p|),  one  can  show  that 

|N(z,v,a,*)|  =  0 ( f  u |  +  | a |  +  | z |  ) 

c  (y ,  — f )  c  (Y,-> ) 

as  (u,a,z)  -*•  (0,0,0)  . 

Let  be  a  projection  from  Cd(Y,-Y)  onto  _/ftF)  and 

a  projection  from  C^(y.-Y)  onto  j^F)  .  Then  (5.7)  is  equivalent  to 

(5.10)  F (z)  =  E  N(z,P,a,«) 

(5.11)  0  =  (I-E  )N(z,P,o,«) 

If  K:  ^(E^)  •*  jS^d-E^)  is  a  right  inverse  of  F,  then  K  is 
bounded  since  F  is  Fredholm-  If  {y1,  i  =  l,2,...,d)  is  a  basis  for 
AlT)  and  z  =  z*  +  ^=1  k.y1,  k  =  (k^...,^)  £  lRd  ,  z*  £  , 

then  (5.10)  is  equivalent  to 

d 

(5.12)  z*=3fEN(z*+  )  k.y  ty,o.O 

2  i=l  1 

Using  the  contraction  mapping  principle,  one  can  show  there  are 
constants  u>0,  u  >  0,  k  >  0  such  that  (5.12)  has  a  unique  solution 
z*  =  z*(a,k,v)  £  C1(y,~y)  f or  |a|  <  a,  jk|  <  k,  ) p  J  <  p,  z*(0,0,0)  =  0. 
By  induction,  one  can  actually  show  that  z*(ot,k,p)  £  C  (y<-y)-  If  we 
as  a  map  from  )R  x  lRdx  X  into  C^(Y,-Y)  and  use  an 


consider  z* 
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argument  similar  to  the  one  for  the  proof  of  Lenma  2.2,  chapter  10  of 

13],  then  one  can  show  that  z* :  3R  *  ]Rd  %  X  C°(y<-y)  is  Ck. 

.  l  d*. 

Let  V  -  ,\p  i  be  a  basis  for  the  bounded  solutions  of 

the  formal  adjoint  equation  (5.2).  By  Lemma  4.6,  equation  (5.10),  (5.11) 
are  equivalent  to 

(5.13)  G^(a,k,P)d=f  (t) N(z* (a,k,p) (t)+£d  k . yi , y ,a , t) dt  =  0, 

J_<*>  1=1  1 


j  =  1,2,. ..,d*. 

The  functions  G"1  are  called  the  bifurcation  functions  and  the  perturbed 
equation  has  a  heteroclinic  solution  in  a  neighborhood  of  T  U  a(F)  U  u(T) 
if  and  only  if  G'l(^,k,’u)  =  0,  j  =  l,...,d*  for  some  |a|  <  a,  |kj  <  k 
and  |t|  <  The  heteroclinic  solution  is,  up  to  a  phase  shift, 

d 

(5.14)  xu((l+6)t)  =  q  (t)  +  U)(a,u)(t)  +  z*(a,k,p)(t)  +  \  k.y1(t). 

i=l  1 

Further  discussion  of  the  bifurcation  function  needs  the  following 
lemma  in  which  a(D  and  u.(D  are  hyperbolic  periodic  orbits  or 
equilibria. 

Lemma  5.1.  The  formal  adjoint  equation  (5.2)  has  a  bounded  solution 
<|»  £  C1  (v , -Y)  U  C1(-Y,-Y)  U  C1(Y,Y)  if  and  only  if 

(H)  both  a(r)  and  wCD  are  hyperbolic  periodic 
orbits  and  q  is  the  only  bounded  solution  of 
(5.1)  not  in  C^(Y,-Y) 


In  all  the  other  cases,  bounded  solutions  of  the  formal  adjoint  equation 


(5.2)  are  in  C1(y,-y) . 

Proof .  It  is  obvious  that  all  the  bounded  solutions  ip  of  (5.2)  are 
in  ( y > ~y)  if  a (X )  and  u(D  are  equilibria. 

Suppose  that  a(D  is  an  equilibrium  and  u(D  is  a  periodic 
orbit.  If  F(a,8)  =  F  restricted  to  C^(a,8),  then  ind  F(~y,y)  = 
ind  F(Y,-Y)  +1,  and  dim^F(-Y»y)  =  dim^F (y , -y)  +  1.  Therefore, 
codim  i?F(-Y,  Y)  =  codim  i?F(Y,-Y).  This  shows  that  all  the  bounded 
solutions  of  (5.2)  are  in  C^(Y,-Y).  Similarly,  we  can  prove  that  all 
the  bounded  solutions  of  (5.3)  are  in  C^Y.-Y)  if  a(F)  is  a  periodic 
orbit  and  u(T)  an  equilibrium. 

There  are  two  cases  when  a(T)  and  tL'(T)  are  both  periodic  orbits. 

Case  I. 

There  are  two  linearly  independent  bounded  solutions  of  (5.1),  one 

•  • 

is  q(t)  ,  another  one  approaches  zero  a  t  -*■  -00,  and  approaches  q(t) 

as  t  +K,  exponentially.  In  this  case,  indF(-Y,Y)  =  indF  (  y,-y)  +  2, 
and  dim  v^F(-Y,  Y)  =  diiryfF  (Y,-Y)  +  2.  Thus,  all  the  bounded  solutions 
of  (5.2)  are  in  C^(Y,-Y). 

Case  II. 

Suppose  (H)  is  satisfied;  that  is,  there  is  only  one  bounded  solution 

•  1 
of  (5.1),  q(t) ,  up  to  the  linear  combination  of  solutions  in  C  (Y»~Y). 

In  this  case,  indF(-Y,Y)  =  indF(Y,-Y)  +  2,  and  dimy^F (-Y , Y)  =  dimyfF  (y  ,~Y)  +  1 

Thus,  codim  J^F(-Y,Y)  =  codim  ^F(Y,-Y)  -  1.  This  shows  that  there  is  a 

bounded  solution  of  (5.2),  'l1  ?  C1(Y,-Y).  By  comparing  F(y,-Y) 

with  F(y,Y)  and  also  F(y,-Y)  with  F(-y,-y)<  one  shows  that  C  ?  C^ [-y ,-y 


i  >  -  ••  u  •  L 


-30- 


and  ijf  ?  Ci(y,Y),  This  completes  the  proof  of  the  lemma. 

To  study  the  bifurcation  functions  G^Ca,k,vi)  in  (5.13)  in  more 
detail,  we  need  the  bilinear  form  associated  with  (5.1),  (5,2).  For 
any  0  satisfying  (5.2),  $  £  C( [-r ,0]  , 3Rn)  ,  let 


0  (tK  (0)  + 


d6[ 


t+r 


ij;  (a)  n  (a , 6+t-a)  da]  $  (0) 


where  i  t(s)  =  iKt+s)  ,  0  <_  s  <_  r. 

If  the  in  (5.13)  belong  to  C1(y»-Y)  and  u  is  defined  in 

(5.4) ,  then 


CO 

^  (t)F(u))  (t)dt  =  Wj't,Wt)t 

— OC 


00 


—  00 


0. 


Therefore,  with  the  exception  of  Case  (H)  of  Lemma  5,1,  we  may  replace 
N  in  (5,13)  by  M  defined  in  (5.8);  that  is,  drop  the  term  F(o)  in 
N. 

Lemma  5.2.  Assume  (H)  of  Lemma  5.1  and  let  ^ (t)  be  the  bounded 

solution  of  (5.2)  not  in  C.1(Y,-Y)  U  C.1(-Y,-Y)  u  C,1  (Y ,  Y )  .  Then 
-  -  b  b  d 

3G1 (0,0,0) /3a  /  0. 

Remark  5.3.  In  case  (H)  of  Lemma  5.1,  Lemma  5.2  says  that  we  can 
determine  the  variation  of  the  transition  time  from  a  cross  section  of 
a (T)  to  another  one  of  u(T).  In  the  case  of  ordinary  differential  equa¬ 
tions,  it  is  not  hard  to  construct  an  example  with  dim^oc  (cx  (T) )  =  2  and 

dim  wu  (a(D)  =  1,  and  there  are  a  continuum  of  heteroclinic  orbits  from 
loc 

wu  ( n ( r ) )  hittinc  a  cross  section  of  u(T)  at  a  continuum  of  transition 
loc 
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times.  Thus,  the  variation  of  transition  time  a  cannot  always  be 
determined. 

Proof  of  Lemma  5.2.  Since  z*  =  0,  a:  =  0  for  a  =  0,  u  =  0,  k  =  n,  it 
follows  from  (5.8)  that  3M(z,v,a, *)/3z  =  0  for  v  =  0,  a  =  0,  k  =  0. 
Therefore,  (5.13)  implies  that  3G1(0,0,0)/3a  = 

r<* 

C 1 (t) F ( 3^ (0 , 0) /3a) (t)dt  =  -(y1 ' , (3u (0,0) /3o'  )  I +<\  It  is  easy 

^  — «c  I  —oo 

to  see  that  3u(0,0)/3a  =  ?2(t)p2(t),  and  so  (iJj1  '^Ou  (0, 0)  /3cx)  )  ->  0 

as  t  -*  -*>.  For  solutions  \p(t)  of  (5.2)  and  4>  £  C[-r,0],  the  bilinear 

form  (1^'^,-i)  defines  an  element  C’*(t)  £  C*[-r,0],  (il^ ' ,  i )  =  <i)  *  ( t) ,  d  > 

ty* (t)  is  a  trajectory  of  T*(s,t)  which  has  exponential  trichotomies 

in  (-<*,--[)  and  [t.+o3).  The  hypothesis  on  (t)  implies  that  v*(t) 

G^?P*(t)  ®jS?P*(T),  with  P*(T)’i'*(T)  /  0.  We  also  know  that  x(t)  - 
u  c  c 

D  f ’ (p  )X  =  0  has  exponential  trichotomy  with  projections  P  ,  P 

v  2  t  u  t  US 

and  p^.  Lemma  4.3  implies  that  Pc(t)  P^tt)  exponentially  as  t  -*■+<* . 

Therefore,  P*(t)  P*(t)  exponentially  as  t  ■*  +00.  Thus  t’*  ( t )  = 

T*(t,T)u*(T)  =  T*  (t,T)  P*  (T)  V*  (T)  +  T*(t,T)P*(T)li»*(T)  •+  T*  ( t ,  T  )  P*  ( T  )  \l>*  ( T  )  . 

cue 

Therefore,  P*(t)C*(t)  -*■  T*  ( t  ,t  )  P*  (t  )  0*  (t  )  ,  as  t  -*■  •+<*,  Now,  clearly, 
c  c 

lim  inf | P* (t) C * (t) |  >0.  For  large  t,  £  (t)  =  1.  Therefore,  („  ,t, 

^-KT  C  2 

(;2P2)t>t  =  <'>*(t),p2  t>  =  <P*  (t)i[>*(t)  ,p2  t>.  Since  P2  t  is  a  basis 
for  the  simple  multiplier  one  of  the  linear  variational  equations  about 
P2 ,  the  latter  quantity  is  nonzero.  This  proves  the  lemma. 

We  now  state  the  main  result  of  this  section: 

Theorem  5.4.  Let  r  =  'J  (q.  }  be  a  heteroclinic  orbit  with  a(D  * 
-  -  t€»  ^  - 1 - 

b1  {p  }  and  cjCD  =  U  {p  }  hyperbolic  periodic  orbits.  Then 
t£]R  1/t  -  2,t  — - - - • —  — 

there  is  a  heteroclinic  orbit  rV  =  U  {>c V! }  in  a  neighborhood  of 
- te®  - ; - 

r  U  a (r)  U  r ) /  with  x V  as  in  (5.14),  if  and  only  if  G3(a,k,-)  * 


0. 


is  given  in  (5.33) 


-32- 


j  =  1 , . . . ,  d*  ,  k  £  R  ,  |a|  <  a,  |k|  <  k,  |  p  j  <  p  and  GJ 


I_f  <i3  €  then  N  in  (5.13)  can  be  replaced  by  M  in  (5.8). 

The  only  situation  in  which  there  is  a  ijj1  £  C^y^-y)  is  when  (H) 
of  Lemma  5.1  is  satisfied.  In  this  case,  3G1 (0 , 0 , 0) /3a  ^  0.  Moreover , 
d-d*  =  ind  T~  1.  If_  G^  ( "*^  ,k^  ,;j^)  =  0,  j  =  l,.,.,d*,  then  the  hetero- 

p 

clinic  orbit  T  defined  by  a  ,  k  ,  P  in  (5.14)  is  transverse  if 
and  only  if  the  rank  of  the  following  matrix  is  d* , 


(5.15) 


f  3G3(.a°,k°,p°)  3Gj  (a°,k°,p0)\  .  ,  , 

1  '  3a  ’  3k“~/'  3  =  1,2 . 


0,0  0, 


d*. 


Proof .  Only  the  transversality  needs  a  proof.  This  will  be  postponed 
until  the  end  of  the  next  section  since  it  involves  special  types  of 
perturbations  of  the  vector  field. 

We  end  this  section  with  some  formula  for  the  derivatives  of  G3 . 

It  is  easy  to  show  3G3 ( 0 , 0 , 0) /3k^  =  0.  Also  3G3 (0 , 0 , 0) /3a  =  0  except 
when  (H)  of  Lemma  5.1  is  satisfied.  It  is  not  hard  to  show  that 


32G3 (0,0,0) /3k  ^  3k m 


(t)f"(gt)  (y^y™  )  (t) dt 


32G3 

3a3k_. 


^J(t)f"(qt) <(c2P2)t,y£) (t)dt. 


However,  the  formula  for  3G3/3p,  32G3/3p3k^  and  32G3/3p3a  are  difficult 

to  compute  for  general  perturbations  g(<j>,p).  We  therefore  consider  only 

specific  perturbations  g(b,p)  such  that  g(p.  ,p)  =  0,  i  =  1.2.  We 

1  »  t 


then  have 


§6.  Perturbations  to  heteroclinic  orbits. 


k+1 

For  f  £  y  ,  k  >_  1 ,  in  (1.1) ,  we  want  to  show  first  that  there 
exists  a  g  £  X  ,  arbitrarily  small  such  that  (1.2)  has  T  as  a 
heteroclinic  orbit  in  general  position.  Assume  that  (5.1)  has  exponen¬ 
tial  trichotomies  in  (-<*>, -t^]  and  [t^jt00).  Without  loss  of  generality, 
we  assume  that  the  orbit  segment  {x  =  ,  t  £  [-t^-e ,t^+z) }  has  no 

intersection  with  a(D  and  o)(F)  ,  and  t^  >  (k+2)r/2. 

First,  we  need  a  lemma  for  the  perturbation  of  linear  equations. 
Suppose  that  the  linear  functional  differential  equation  (4.1), 

L(-)  £  C  (R,J1)  ,  k  >_  0 ,  has  shifted  exponential  dichotomies  in  = 

k+2 

(-“.tg]  and  J2  =  [-t0<+®> , j where  tQ  >  — —  r  is  a  constant,  with 
—  —  -f  4- 

projection  P  (t) ,  P  (t)  ((P  (t) ,P  (t))  and  exponents  a,  <  8, 

usus  11 

(u0  <  82)  for  t  £  J1  (t  £  J2>.  Let  y^  and  y2  be  two  real 

k+1 

constants,  <  6^  and  &2  <  y2  <  &2,  T  =  F^:  C  (y^y^ 

■*  Ck(y  ,y  )  be  defined  as  in  14,  F  (h)  (t)  =  dh(t)/dt  -  L(t)h  . 

1  £.  JL  U 

Assume  that  dimlis^P^  ( 0)  fl  j5^P^(0)}  =  b,  dimj5?Pu(0)  =  b+c,  and 

dim  =  c.+c,  where  b>0,  e>0,  c>_0  are  integers.  If  T(t,s) 

is  the  solution  operator  of  (4.1),  then,  for  any  y^  £  ^P^(O)  ,  y^  = 

T(t,0)yQ  is  defined  for  all  t  £  R.  Also,  it  is  clear  that  y^  £^P^(t) 

for  t  £  J,  .  We  shall  use  (4>  _  , .  .  .  ]  to  denote  the  linear  space  spanned 

1  1  m 

by  :i . v 

Lemma  6.1.  Assume  that  all  the  above  are  satisfied.  Let  a  be  an  integer 

0  <  a  <_min(b,e).  Take  any  basis  {y^,  . . .  ,y^  ,yQ+1 , . .  .  ,yb}  in  <%P^{0) 

D  ^P+(0)  and  let  y1:  jR  -+  Kn  be  the  solution  of  (4.1)  through  y^  at 
s  -  -  -  u  — 

zero,  y*  =  T(t,0)y*. 


Consider  the  perturbed  equation 


x(t)  =  L(t)*t  +  eB{t)xt  , 


k+1  k 

and  the  operator  Fr  ,  „ :  C  ( Y-,  /  Y-> )  -►  C  (y.,Y„),  where  c  is  a  real 

— '  L»+  b  X  Z  1  Z  —  1  ■  “  1  ■  —  ■  -  ■  — 

parameter.  Then  there  exists  an  eQ  >  0  and  a  B(*)  €  C  (R ffy)  with 

compact  support  in  (-tQ,t0)  and  B(t)<j>  =  0  if_  $  £  [ya+1 , .  .  .  ,y^] 

such  that,  for  !  e  !  <  e„,  yM F.  .  _)  =  {0}  if  a  =  b,  yV{F.  _)  = 
-  —  u  L+eB  —  L+eB 

,  a+1  b 

[y  , . . . ,y  ]  if  a  <  b. 

Proof.  By  Lemma  4.5,  F_  is  Fredholm  with  Index  = (b+c)  -  (c+e)  =  b-e. 

"  Xj 

Since  din  >f(F  )  =  b,  we  have  codim  y^X?  )  =  e.  Let  1  be  the  s>_t 

Li  L 

n* 

of  functions  from  1R  to  ]R  corresponding  to  the  linear  space  of 

the  solutions  of  the  formal  adjoint  equation  of  (4.1)  defined  in  R, 

-fit  -at 

.  £  1  if  |v(t)  j  <  Ke  ,  t  >  0,  jf(t)  |  £Ke  ,  t  £  0.  Then  * 

1  e  1  e 

is  of  dimension  e  and  V  =  [il  ,...,c  ]  where  t  ,  ...,iJj  are  linearly 
independent . 

Choose  (yQ+1, • • . ,yQ+C}  c  ^P~(0)  such  that  {y^},  j  =  l,...,b+c, 

form  a  basis  in  &P  (0)  .  Define  y3  as  the  solution  of  (4.1)  through 

yjy  y^  =  T (t , 0) y^ ,  t  £  R,  j  =  1, . . . ,b+c.  Obviously,  {y^},  j  =  l,...,b+c, 

is  a  basis  in  ,  t  £.  J^.  Let  $(t)  =  [y^,...,y^]  and 

$■  =  {z:  1R  -*•  C[-r,0]:  z  =  ya_  b.y X  b.  £  1R,  j  =  l,...,a}.  We  now  define 

"c  '  3  -L  3  3 

i(t):  c[-r,01  -  r",  t  £  <-VV  ,s 


B(t)zt  •  0  if  zt  €  [y**1 . 


(ill  B(t)y*  =  (.1(t))‘,  i  =  1,2,...  ,a,  where  t  denotes  the- 


transpose,  and  extend  it  linearly  to  <5>(t). 
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It  is  not  hard  to  show  that  B(t)  is  C  for  t  £  (-t  , t  -  (k+2) r) . 
We  proceed  as  follows.  Let  i  =  l,...,b+c,  be  an  invariant  basis 


for 

_  1 

P 

u 

(t) ,  t  £  (-”,tQ] , 

that 

-ri 

<i't 

.  y >  =  6 .  .  ,  1  <  i 

t 

t  il 

ri  T1 

‘'t  =  V 


-  -  0 


Cl 

B  ( t )  ■+•  =  l  (v1(t))T<c\<t>. 

J  .  -l  *“ 


From  the  relation  of  the  true  adjoint  and  formal  adjoint  operators,  we 
know  that  there  exist  functions  vl 1  < t )  ,  t  £  t  -r,  *  =  -'^+c'  such 

that  <^,i>  =  (^1,t,  <t)  t  for  t  <_  t^-r,  where  1  ( t )  ,  i  =  l,...,b+c, 
are  solutions  of  the  formal  adjoint  of  (4.1)  and 


=  ^(t)c(O)  + 


0  0  .  . 

d  l  lj1(t-0h(t-^,^+6)d^ 
-r  -r 


]  ( e ) . 


"  i  k 

From  the  comment  after  (4.2),  are  C  functions  for  t  £  (-«>,  tQ-  ( 1+k)  r) 

Identifying  with  a  function  of  bounded  variation  ^(t,*)  €  Bq  = 

n* 

^U-r,0]  ,  Ft  )  we  have 


i/(t,0)  =  0, 


-■  f°  .  . 

( t ,  e )  =  i1(t-C)ri(t-£,£+e)d£ 


f°  __ . 

-r 


£)n(t-c,c)d5  -  £  (t) 


After  a  few  computations  and  exploiting  the  fact  that  n(‘,*)  6  C  (R,i<!^)  , 

“  "i  K  — i 

we  see  that  £  (*,•)  £  C  ( (-°°,t0- (1+k)  r)  ,  Bq)  .  This  implies  that 

k  1c 

is  C  ( (-o°,t0-  (1+k)  r)  ,31)  .  The  C  smoothness  of  B(t)  follows  from 


•  ••  .->■  .  v  ■ 


(6.2)  . 


We  observe  that  B(t)  sends  $  injectively  into  i'.  We  also 


observe  that,  if  i)>  €  H',  6  ( t )  f  0  for  t  €  R,  then  +  |  ,  f  0 

[t ,t+r] 

restricted  to  some  interval  [t,T+r]  £  (-t  , tQ- (k+1) r) .  Otherwise, 
since  T(s,t)  has  a  shifted  exponential  dichotomy  in  [-t  ,+<*) ,  the 
assertion  c|  ^  T+r-j  -  0  together  with  the  exponential  estimate  for 
elements  in  'i'  imply  that  ij,(t)  =  0  for  all  t  £  R. 

Let  B  (t)  =  £{t)B(t),  where  £:  R  -*■  R  is  C  ,  £(t)  =  1  on  [x,T+r] 
f (t)  has  compact  support  in  (-t  , t  - (k+1) r) ,  and  £(t)  >_  0  for  t  £  R. 

V 

If  we  extend  B(t)  =  0  outside  (-tQ,t0),  then  B(>)  £  C  (R,2L.  It  is 
easy  to  see  that,  for  any  z  €  $,  z  £  0,  t  £  1R,  there  exists  at  least 
one  v  6  Y  such  that 


(6.3) 


r 

j. 


<V (t) ,B (t) z 

OO 


t 


> 


¥  o. 


For  example,  we  can  choose  i[(t)  =  B(t)zt- 

We  have  to  show  that  B(t)  is  the  desired  perturbation.  Solutions 
of  (6.1)  are  denoted  by  y(t,e)  with  y(t,e)  =  y(t,0)  for  t  <  t  .  If 
u(t)  =  ^y(t,e) ie_Q>  then  u(t)  satisfies  the  following  system 


(6.4) 


u(t)  =  L(t)ufc  +  B(t)yfc, 


u(t)  =0,  t  <_  -t  , 


k+1 

If  y  €  4,  yt  %  0,  t  £  B,  we  infer  that  u  £  C  (Y  ,Y2)  in  (6.4). 

For  otherwise,  B(t)y  £^(F  )  which  contradicts  (6,3).  Moreover,  u  £ 

U  I_> 

1 

C  ( Y^  , Y^) .  For  otherwise,  (6.4)  implies  that  u  £  C  (Y  ,Y^). 


Let  u  (t)  be  the  solution  of  (6.4)  corresponding  to  the  forcing 
term  B(t)y3.  We  show  that  {u^,  . . .  .  ,y^+C} ,  t  ^  tQ,  are 

linearly  independent  and  [u^ , . . . ,ua ,yk+1 , . . . ,yk+c]  0  &P*(t)  =  {0}, 
t  >_  t  .  For  this,  suppose  that  there  exist  real  constants  {a.},  j  =  1, 


. . . ,b  such  that 


a  .  uti. 

ut  =  J-  aj ul  +  .  I  Vt  e  ^ps(t)'  1  V 

:=i  ]=b+i  J 


It  is 


easy  to  see  that  u(t)  is  a  solution  of  (6.4)  with  the  initial  condition 
b+c 

u(t)  =  )  cs.y3(t)  for  t  <_  -t  ,  corresponding  to  the  unique  forcing 

j=b+l  3a 

B  (t)yt  =  B  (t)  £  a  yt3  ,  y  €  4>.  But  ufc  £  c1  (y1(  v2>  ,  since  ufc  £  P* (t)  ,  t  ^  t 

and  u^_  £  ,  t  <_  -tQ.  This  would  be  a  contradiction  to  (6.3)  unless 

a_.  =  0,  j  =  l,...,a,  b+l,...,b+c. 

We  now  prove  that  {y* ( • , e) , . . . ,ya ( • ,e) ,yk+1 ( • , e) , . . . ,yk+c ( • ,e) }  are 

linearly  independent  and  [y^ ( • , e) , . . . ,ya ( • , e) ,y^+1 ( • , e) , . . . ,y^+c ( • , e) ] ' 

t  t  t  t 

0  i5?Ps(t)  =  {0}  for  t  >_  tQ,  0  <  |  e  [  <  eq,  eq  is  some  small  constant. 

It  suffices  to  show  that  [y^  (*,e)  -  y*  (•, 0) ,... ,ya  (•, 0) ,yk+1 (•,£),... , 
y.  C(*,E)]  n  (t  )  =  {0}  since  y3  (*,0)  £  <%P  (t  )  ,  j  =  l,...,a. 

0  'o 

That  is,  [eu  +o(e)  , .  .  .  ,eua  +o(e) ,y  +  +o  ( 1)  , . .  .  ,y  +Co  ( 1)  ]  fl  ^P+(t  )  =  { 0  } . 

0  0  0  0  i  S  a 

Dividing  by  e  in  the  first  a  vectors,  we  obtain  [ufc  +o(l),...,ua  +o(l), 

y^  1+o(l)  ,...,y^+C+o(l)]  fl  j5^P+(t  )  =  { 0 } .  Since  the  last  equality  is 

valid  if  o(l)'s  are  dropped,  it  is  valid  if  e  is  sufficiently  small. 

Finally,  the  proof  of  the  lemma  is  completed  by  observing  that 

j5?Pu(-tQ)  and  ^P^(tQ)  are  independent  of  e. 


Define  6^:  C[-r,0]  ->•  R  by  6  <J>  =  (4  (0)  ,  4  (-r/N)  , . . .  ,  (-r+r/N) 

=  .),  w.  £  Rn,  j  =  0,...,N-1.  For  N  sufficiently  large, 

U  N“  1  3 

4  -*■  6n4  embeds  the  periodic  orbits  Y_.  =  3  =  1*2,  and  the 
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,  nN 

segment  of  the  heteroclinic  orbit  q  ,  t  £  l-t  -e,t  +ej  into  R 
with  disjoint  images  in  Rn^  provided  that  y  0  {q^,  t  £  I-tg-e, 
tQ+c] }  is  empty,  j  =  1,2. 

The  proof  of  the  above  is  similar  to  a  lemma  in  [7]  and  shall  be 
omitted. 

Lemma  6.2.  For  f  £  xk+1 ,  k  _>  1  there  is  an  arbitrarily  small  g  ( • )  £  Xk 
such  that  g  =  0  on  T  U  a(D  U  u(F)  and  x(t)  =  f'(qt)xt  +  g’(qt)xt 
has  exponential  trichotomies  in  (-<*>,  ^tp]  and  [-t^,-*-00)  . 

Proof.  We  first  construct  a  linear  perturbation  to  (5.1).  There  exists 
Bj ( • )  £  Ck(R,?l)  with  compact  support  in  J  =  (-t0-e,t0+e)  and  arbitrarily 
small  such  that  L(t)  +  B^t)  satisfies  the  H-0  property  on  This 

is  seen  from  Lemma  4.1,  followed  by  a  multiplication  of  a  C  cut-off  func¬ 
tion.  We  claim  that  an  additional  perturbation  AB^Ct)  can  be  made  such 
that  B1  +  AB1(t)  =  B2(t),  L (t)  +  B2(t)  satisfies  the  H-0  property  on 
[ - tQ , t Q }  and  B2(t)qt  =  0  for  all  t  €  R.  To  see  this,  consider  the  map 
B^t)  ->•  i.(t),  Ck(J,H)  ->  Ck(J,Rn)  given  by  Jt(t)  =  B1(t)qt.  This  map  has 
compact  support  in  J.  Let  N  be  a  large  number  such  that  6N  embeds 
{ , t  £  J }  into  RnN.  We  can  find  a  finite  set  of  integers  {k^, . . . fk^} , 

0  <  k.  <  N-l  and  open  intervals  {I,,..., I  }  which  covers  J  and 
qCt-k^r/N)  >_  >  0  in  1^.  Also,  in  1^,  we  can  solve  the  equation 

w,  =  q(t-k . r/N)  for  t  =  t(w  ).  There  is  a  C°°  partition  of  unity  {£.  } 
i  i  m 

on  J  subordinate  to  {I.},  i  =  1,  —  ,m,  and  £  £.(t)  =  1  for  t  £  J. 

1  1 
Let  AB1(t)s  C[-r,0]  -*■  Rn  be  defined  as 

zn  ^  2 

AB^tH  =  -  l  £i(t)<q(t-kir/N)  ,*(-kir/N)>f(t)/|  |q(t-kir/N)  j  |  . 
i=l 


Then  AB  ( • )  €  C  (J,3l;  and  depends  continuously  on  £(•)  €  C  (J,R  ). 
Moreover,  AB^(t)qt  =  -£.(t);  hence,  (B^ (t) +AB^ (t) ) =  0  for  all 
t  €  R. 

The  support  of  B  (t)  =  B  (t)  +  AB^tt)  has  some  overlap  with 

(-“,-t  J  and  [t  , +°°).  However,  from  Lemma  4.3,  x(t)  =  (L(t) +B  (t) ) x 
0  0  z  z. 

has  exponential  trichotomies  in  (-“,-tp]  and  if  B2(t)  is 

small.  Moreover,  by  Lemma  4.1,  $.2,  2.2  and  2.3,  the  domain  of  the 
exponential  trichotomies  is  extended  to  (-“,t  ]  and  [— t^ ,  +«>)  . 

The  proof  of  Lemma  6.2  is  fulfilled  if  we  prove  the  following  lemma 

Lemma  6.3.  If  B(-)  €  Ck(R,SI)  with  support  in  J  =  (-t  -E,tQ+E)  and 

B(t)q  =  0,  and  the  orbit  segment  { q^ ,  t  £  [-tQ-E  ,tQ+e] } ,  has  no  inter- 

section  with  ot ( F )  and  cod')  ,  then  one  can  find  g(*)  £  X  such  that 
g  =  0  on  T  U  y  U  y2  and  g’ (qfc)  =  B(t) ,  t  £  R. 

Proof.  Let  IF,  i  =  1 , . . . ,m ,  be  an  open  covering  of  {6Nqt:  t  £  J}  in 

RnN,  with  0.  n  (air)  Um(D)  =  o.  Let  IF  n  {6^:  t  €  R}  =  t£ 

Let  B  (t)  ^  =  dnB(t,e)<J(0)  -  For  6  <J<  £  IF,  we  define 

J_r 

r° 

g i(0  =  driB(t(TTk  «„*)  .6)  (<t(6)-q(t(uk  6nO  +  e)). 

•’-r  i  i 

where  t  =  t (w,  )  is  the  solution  for  w  =  q(t-k.r/N).  Direct 

k ,  k .  i 

l  l 

computations  show  that 


•  at 

g!(qtH  =  dg  (t,e)<f  -  dnB(t,0)q(t+0)  — —  iTk 

— r  -r  k^  i 

The  last  term  vanishes  since  B{t)qfc  =  0.  Let  £^(w),  i  =  l,...,m  be 

m 

a  partition  of  unity  in  RnN  subordinate  to  {U.}  such  that  ]>£^{w)=l 


Then 


for  w  being  in  a  neighborhood  of  { :  t£j}  in  R 
in 

q(<t)  =  I  t  .  (6d)g .  (<f)  is  the  desired  perutrbation. 

^  '  1  K  1 

k+1 

Theorem  6.4.  Let  I  =  max{-indF ,0} ,  f  €  x  ,  k  >_  1.  If_  T  is  a 

heteroclinic  orbit  of  (1.1)  and  is  in  general  position,  then  f  € 

k+1  k  +  1  k  +  1  k+1 

M  (I)  ,  a  C  submanifold  of  x  with  codim  M  (I)  =  I.  The 

equation  x(t)  =  f(xt)  has  a  heteroclinic  orbit  in  a  neighborhood  of 

-  k+2. 

T  U  a(T)  U  w(D  and  f  is  close  to  f  in  x  if  and  only  if  f  £ 
k+1 

M  (I).  I_f  F  is  not  in  general  position,  there  exists  a  perturbation 

g  £  X  i  arbitrarily  small  and  T  is  a  heteroclinic  orbit  in  general 

position  of  the  perturbed  equation  x(t)  =  f  (xfc)  +  gfx^). 

Moreover,  if  indF  0  and  T  is  in  general  position  (transverse) 

and  H  is  the  set  of  heteroclinic  orbits  of  (1.1)  near  F,  then  H  0 

W?  (a(T))  is  an  (indF) -submanifold  of  (a(D).  If,  in  addition, 

loc  -  -  loc  - 

the  flow  near  F  is  one-to-one,  then  H  is  an  immersed  (indr) -submanifold. 

Proof .  We  first  observe  that  being  in  general  position  is  rough  for 

the  perturbations  that  do  not  destroy  the  heteroclinic  orbit;  that  is, 

- 

if  f  is  close  to  f  in  x  and  with  a  heteroclinic  orbit  F  close 
to  T  which  is  in  general  position,  then  f  is  in  general  position. 

Nothing  has  to  be  proved  if  F  is  transverse.  Suppose  T  is  in 

k+1 

general  position  and  ind  T  <  0,  I  >  0.  We  want  to  show  that  f  £  M  (I) . 

In  this  case  q(t)  is  the  only  bounded  solution  of  (5.2)  not  in  C(y,-y) 
and  there  are  no  solutions  of  (5.1)  in  C(y,-y).  Thus,  the  bifurcation 
functions  G^{a,v)  in  (5.13)  will  depend  only  on  o,y.  By  Lemma  (5.1), 
there  exists  a  bounded  solution  of  (5.2),  denoted  by  \J^(t),  not  in  C^(y,— y) 
and  there  are  d*-l  bounded  independent  solutions  y^(t),  j  =  2,...,d*  in 


C  {*,  ,-y)  ,  which  together  with  (t)  ,  forn  a  basis  of  the  bounded  solutions 

d* 

of  (5.2).  From  Lemma  5.2,  3G1  (0 ,0) /3a  /  0.  Let  git)  =  \  c^g^li).  From 

r°°  =1 

(5.16),  3G3/3e.  =  -l3(t)g  (q  )dt.  Using  the  technique  in  [8]  ,  we  can  find 

*  i  _<r  1  t 

Ck  functions  g,  :  RnN  -  Rn  such  that,  if  g£<*)  =  g£(fNi).  then 


i'  (t)g£(qt)d 


43'1 . a' 

J  e=  1 . d1 


is  nonsingular.  Moreover,  g ^ fc)  =  0 


i  =  1,2.  Details  are  omitted.  We  solve  a  =  a(e£)  from  G  (a,e£)  =  0. 
For  j  =  2,...,d*,  3G3(0,0)/3a  =  0.  Therefore, 


dG3 (0,0)  _  3G3 (0,0)  3G3 (0,0)  d  a  =  3G3 (0,0) 

de£  3  +  3a  d£j?  3e£ 


g£(qt)dt,  j  =  2, .  .  .  ,d* 


j  =  l . d* 


and  the  matrix 


v+l 

that  f  €  M  (I)  . 


fdG3 (0,0)1  3  . 

I  de£  ^  4=1, . . . , 


has  rank  d*-l  =  I.  This  shows 


Now  suppose  T  is  not  in  general  position.  By  Lemma  6.2,  we 
k  i  k 

assume  that  f  €  x  «  f'  (qt)  €  C  (R,?l)  ,  and  (5.2)  has  exponential  tri¬ 
chotomies  in  (-“(tgl  and  [tQ,+°=).  We  use  Lemma  6.1  to  prove  that 
there  is  a  perturbation  eg(<J>)  to  make  T  a  heteroclinic  orbit  in 

general  position.  For  this,  observe  that  P  (t)  =  P  (t)  +  P  (t)  , 

u  u  c 

P~(t)  =  P-(t),  t  €  (-=,t0]  and  P+(t)  =  P+(t),  P+(t)  =  P+(t)  +  P+(t) 
ss  0  uuscs 

define  shifted  exponential  trichotomies  in  (-°°,t0)  and  [-t  ,+») . 

In  the  notation  of  Lemma  6.1,  nothing  is  to  be  proved  if  gj^P^tO)  D 

_  ~  -f-  • 

ypP^iO)  is  of  dimension  b  =  1;  that  is,  spanned  by  q(t).  If  not, 

let  b  >  1  and  yb  =  qQ  and  (yj,...ryj  ^y^}  be  3  basis  in  -^pu(0) 

D  j5?P  (0)  .  It  is  clear  that  if  e  =  0,  r  is  transverse.  Thus,  we 
s 

assume  e  >  0.  Let  a  =  min(b-l,e),  and  eB(t)  be  the  perturbation 
determined  by  Lemma  6.1.  Since  eB{t)qt  =  0,  by  Lemma  6.3,  we  can  find 
g  €  such  that  g  =  0  on  T  U  a(D  U  u> (D  and  g'(qt)  =  cB(t). 


-44- 


Theorem  6.5.  Let  Ind  T  =  dim  W  ( cx  ( T )  )  -  dim  W  (w-tD)  +  diiri  (T)  -  1. 

-  -  loc  IOC 

Then  the  results  of  Theorem  6.4  are  valid  with  a(T)  and  u>(D  being 
hyperbolic  periodic  orbits  or  equilibria. 

Completion  of  proof  of  Theorem  5.4.  We  owe  the  readers  a  proof  of  trans- 

-  ■  0 

versality  in  Theorem  5.4.  If  the  heteroclinic  orbit  is  transverse, 

then,  for  a  small  perturbation  g(i)  to  g(4,p°),  there  is  a  hetero- 


:linic  orbit  which  is  within  0(jg|)  of  I'*' 


and 


the  phase  variation  a(g)  is  also  within  0(jg[)  to  a.  Conversely, 

y  0  y  0  y  0 

if  we  denote  T  =  ut>0xt  >  and  if  r  is  not  transverse,  we  can  find 
a  family  of  perturbations  eg,  ($)  to  g(tj>,y°)  such  that  trajectories 

U  y  ^ 

starting  from  w^oc(a^  ))  are  rooved  to  a  direction  transverse  to 
u  yO  s  y  ^ 

TW  (a(T  ) )  +  TW  (w(r  )).  Thus,  we  either  eliminate  the  intersection  of 

n  ijO  S  li  ^  II 

w  (a(T  ))  and  w  (u(T  ))  or  move  it  to  a  distance  >  0(|eg^|).  To  show 

the  existence  of  such  g^,  we  use  the  technique  in  proving  Theorem  6.4  to 
~  k+1 

construct  a  g^  €  X  such  that  g  =  0  in  some  neighborhoods  of  a(D 
u° 

and  w(D  ,  g  (x  )  ?  ^FT._  .  ,  0\  (~Y,Y)  •  Let  tn  >  0  be  sufficiently 

X  •  Xi+ug  V  *  t  M  )  u 

large  and  consider  the  solution  x(t,e)  of 


:  (t)  =  f(xt)  +  g(xt,u°)  +  cg1(xt) 


x ( t )  =  XM  (t) ,  t  <  -tQ 


It  is  not  difficult  to  show  that  Ox(t,e)/3e) .  £  (tn)  +  (T(t  , 

tn  s  0  0 

-t  )i5?P  (-t„))  where  P  and  P  are  projections  associated  with  the 
0  u  0  s  u 

shifted  exponential  dichotomies  in  (-®ftQ]  and  [tg,-*-®)  for  the  linearized 


equation  around 


Therefore,  eg^  is  the  desired  perturbation. 


V>1 


3 


-.1 


.......  • 


On  the  other  hand,  we  consider  the  extended  perturbations  g  U,:,g) 

~  '  k+1 

=  g(c,u)  +  g (; ) ,  with  the  parameters  (u,g)  6  X  x  X  .  If  the  matrix 

in  (5.15)  has  rank  d*,  then,  for  small  g,  there  exist  a®  +  6a,  k^+6k 

such  that  G"1  (ac  +  6  a  ,k(-+£k ,  ,g)  =  0,  j  =  l,...,d*,  and  6a,  6k  =  O('g'). 

Therefore,  there  is  a  new  heteroclinic  orbit  0(]g|)  near  F^  and 

with  a  phase  variation  a(g),  0(|gj)  near  a0.  Conversely,  if  the  matrix 

in  (5.15)  has  rank  <  d*,  without  loss  of  generality,  let  9G  (a  ®  ,k® ,  i:® ) /rk 

jQ 

=  0,  3G  (a0 ,k° .u®) /3a  =  0,  i  =  l,...,d.  For  the  extended  family  of  per¬ 
turbations,  it  is  clear  that  3G  ^ (a® ,k^ ,y ® , 0) /3g  /  0  from  the  proof  of 
Theorem  6.4.  Thus,  there  are  small  g  such  that  either  we  cannot  find 

j0 

a,  k  near  a0,  k°  such  that  G  (a,k,u°,g)  =  0,  or  they  are  moved  to  a 
distance  >  0(|gl)  to  a0,  k°.  The  heteroclinic  orbit  is  moved  to 


a  distance  >  0(|g|)  in  the  latter  case  if  we  can  show  that  9z/9a, 
u° 

Sz/Sk^  and  3x  (t)/3t  are  linearly  independent.  It  is  obviously  true 


when  a0  = 
S2  (t)  p2  (t) 
holds  for 


=  k°  =  0,  for  then  3z*/9a  =  3z*/3k.  =  0,  and  3oj/9a  = 

3  d  i  i  1 

and  k^y  )  =  y  (t) ,  i  =  l,...,d.  The  linear  independenc 

i  1 

y®,  k^  being  small. 


We  have  two  characterizations  by  which  the  pertrubation  g  will  not 

y° 

break  the  heteroclinic  orbit  Fy  and  only  move  it  to  a  distance  <  0(|g|). 

U° 

By  comparison  we  see  that  the  transversality  of  T  is  equivalent  to 


the  rank  of  the  matrix  in  (5.15)  being  d*. 


References 


[1]  S.  N.  Chow,  J.  K.  Hale  and  J.  Mallet-Paret ,  An  example  of 
bifurcation  to  homoclinic  orbits,  J.  Diff.  Equations  37  (1980), 
351-373. 

[2]  W.  A.  Coppel,  Dichotomies  in  Stability  Theory,  Lecture  Notes  in 
Math.  629  (1978) ,  Springer-Verlag . 

[3]  J.  Hale,  Theory  of  Functional  Differential  Equations,  Springer- 
Verlag,  1977. 

[4]  J.  K.  Hale,  X.-B.  Lin,  Symbolic  dynamics  and  nonlinear  semiflows, 
LCDS  Report  #84-8,  Brown  University,  May  1984. 


[5]  J.  Hale  and  W.  Oliva,  One-to-oneness  for  linear  retarded  functional 
differential  equations,  J.  Diff.  Equations  20  (1976) ,  28-36. 

[6]  J.  K.  Hale,  L.  T.  Magalhaes  and  W.  M.  Oliva,  An  Introduction  to 
Infinite  Dimensional  Dynamical  Systems  -  Geometric  Theory. 
Springer-Verlag,  1984. 

[7]  X.-B.  Lin,  Exponential  dichotomies  and  hanoclinic  orbits  in  functional 
differential  equations,  LCDS  Report  #84-17,  Brown  University,  1984; 

J.  Differential  Equations,  to  appear. 

1 8]  J.  Mallet-Paret,  Generic  periodic  solutions  of  functional  differential 
equations,  J.  Differential  Equations  26  (1977) ,  163-183. 

[9J  J.  Mallet-Paret,  Generic  properties  of  retarded  functional  differential 
equations.  Bulletin  of  the  American  Math.  Soc.  81  (1975),  750-752. 

[10]  S.  Newhouse  and  J.  Palis,  Bifurcations  of  Morse-Smale  dynamical 
systems,  in  Dynamical  Systems  (Ed.  M.  Peixoto) ,  Academic  Press,  1973. 

[11]  K.  J.  Palmer,  Exponential  dichotomies  and  transversal  homoclinic 
points,  J.  Diff.  Equations  55  (1984)  ,  225-256. 

[12]  J.  Sotomayor,  Generic  bifurcation  of  dynamical  systems,  in  Dynamical 
Systems  (ed.  M.  Peixoto),  Academic  Press,  1973. 


JL~86 

DTIC 


